We discuss a resummed perturbation theory based on the Wilson renormalization group. In this formulation the Wilsonian owing couplings, which generalize the running coupling, enter directly into the loop expansion. In the case of an asymptotically free theory the owing coupling is well de ned since the infrared Landau pole is absent. We show this property in the case of the 3 6 theory. We also extend this formulation to the QED theory and we prove that it is consistent with gauge invariance.
Introduction
The formulation of quantum eld theory based on the Wilson renormalization group 1], which we will call ?RG, studies the evolution in the infrared cuto of the Wilsonian e ective action S( ; ; 0 ), where 0 is some ultraviolet cuto . This functional is obtained by integrating out all degrees of freedom with momenta higher than (and lower than 0 ) in the functional integral. By decreasing the scale and requiring that physical observables are independent of one obtains an evolution equation 2]-4] for S( ; ; 0 ), which gives a non-perturbative de nition of the theory. In this framework one can give simple proofs valid at any order in perturbation theory of many fundamental properties such as renormalizability and infrared niteness. Moreover the quantum implementation of symmetries is very easily understood 3], 5], 6]. Nevertheless, the practical relevance of this formulation may appear questionable since the ?RG method seems more complex than ordinary renormalization schemes (for instance dimensional regularization). The introduction of a sharp cuto makes the calculation of general Feynman integrals more di cult. Moreover, in the case of a gauge theory, the cuto s break explicitly the gauge invariance and one must prove that the theory is invariant once the cuto s are removed. While the rst di culty is technical and, as we will show in this paper, can be avoided using a suitable cuto function, the latter is a fundamental issue which must be ful lled in order to have a consistent theory. In ref. 3, 5] it has been proved that, by appropriately xing the boundary conditions of the ?RG equations, the e ective action of a gauge theory satis es the Slavnov-Taylor identities at the physical point ( = 0 and 0 ! 1). However this proof is inextricably linked to perturbation theory.
The essential advantage of the Wilson formulation is the fact that it provides a non-perturbative de nition of the e ective action at any scale given the action at some (ultraviolet) scale 0 . Unfortunately the ?RG equation corresponds to an in nite system of coupled di erential equations for the relevant couplings and the irrelevant vertices of the Wilsonian e ective action and its solution needs some approximation. In the last few years there have been several attempts of nding non-perturbative approximate solutions. In general one truncates the space of interactions to few operators according to their dimension and/or uses a derivative expansion 7, 8] . These truncations have been applied expecially to scalar theories and could be very accurate 9]. Similar methods have been applied to gauge theories 10] . In this case one has to face the problem of consistency between truncation and gauge invariance. In general one can truncate the space of interactions in such a way that some of the Slavnov-Taylor identities are satis ed but one can show that the truncation is incompatible with the full set of Slavnov-Taylor identities.
In this paper we consider a recursive approach, rst formulated in 11], which mimics perturbation theory analysis, but corresponds to a resummation of higher order of the coupling constant. Some remarks are useful in order to present our idea. The ?RG equation allows an iterative solution which gives the perturbative expansion.
This fact is easily seen if one introduces the cuto e ective action ?( ; ; 0 ), which is related to the Wilsonian action by a Legendre transformation. The evolution equation for the vertices of this functional adds a loop, thus the vertices at loopà re determined by the vertices at lower loops. Therefore, from the e ective action at zero loop, i.e. the classical action, one can determine this functional at any loop order.
The improved formulation is similar: a nite number of ?dependent couplings, the owing couplings, is sorted out. These couplings correspond at = 0 to the physical couplings and are computable at any solving a nite set of di erential equations. The remaining part of the cuto e ective action is obtained using recursive integral equations. In this way the renormalized coupling constant is replaced in the loop integrals by the owing coupling at the scale given by the loop momenta (at least in the case of a sharp cuto ). This point of view is very close to the resummed perturbation theory, in which higher order corrections reconstruct the running coupling constant g(q 2 ), where q is the loop momentum 12]. This resummation is well established in the large N f limit of QED, and it is applied as an ansatz (naive non-Abelianization procedure) to the QCD 13] . In the latter case the one-loop running coupling constant diverges at the infrared Landau pole, and the integration over the low momenta becomes ambiguous 14]. Our improved formulation is systematic, i.e. applies equally well to the non-asymptotically free and asymptotically free theories. In the latter case the infrared Landau pole is absent since the owing coupling remains nite in all range of the momenta. In this paper we show this property in the case of the one-loop improved 3 6 theory.
For a gauge theory it is crucial that the improved perturbation theory does not produce a breaking of (quantum) gauge invariance, i.e. one has to show that the solution of the ?RG equation satis es at = 0 the Slavnov-Taylor identities.
In this paper we consider the case of QED and we show explicitly that the oneloop improved solution satis es the Ward identities up to negative powers of the ultraviolet cuto 0 . As in the standard resummed perturbation theory, the presence of the Landau pole in the ultraviolet region implies that one cannot remove 0 and therefore the Ward identities are recovered only for momenta much lower than 0 .
The paper is organized as follows. In sections 2 and 3 we recall the details of the ?RG formulation for the massless 4 4 theory in the perturbative and in the improved case, respectively. In section 4 we analyze the massive 3 6 theory as a pedagogical example of asymptotically free theory. In section 5 we present the improved perturbation theory for QED and we compute the owing couplings at one loop. In section 6 we prove that the one-loop improved formulation is consistent with gauge invariance. In section 7 we compare our approach with the standard resummed perturbation theory and section 8 contains some conclusions. The choice of the cuto function and the conventions are described in two appendices. 
Improved perturbation theory
In this section we formulate more precisely our improved perturbation theory for the massless 4 theory in four dimensions 11]. We introduce the rescaled verticeŝ 2n (p i ; ; 0 ) = Z ?n ( ) 2n (p i ; ; 0 ) which satisfy the following evolution equation 
The improved perturbation theory consists in solving the evolution equations as for the usual perturbative expansion but in terms ofĝ( ). This coupling will be obtained at the end of the iterative procedure by solving its evolution equation. The iteration starts by inserting (4) in the r.h.s. of (2) . In this way one obtains the one-loop relevant coupling^ (6) and (7) are functionals ofĝ( i ) and Z( i ) thus one has complicated integro-di erential equations.
In this paper we perform the calculation only at the rst order, where (6) and (7) are simple di erential equations, which in general can be solved analytically. By inserting the solution of these equations in (5) and setting = 0 one can explicitly compute the one-loop improved physical vertices. They are given by the same expression of the one-loop perturbative vertices with the coupling replaced by the owing couplingĝ( ). This is similar to the standard improved theory in which one substitutes the coupling with the running coupling g(q 2 ) in the Feynman diagrams. The relation between the two approaches is discussed in section 7.
Explicit 1-loop calculations
The rescaling function in the one-loop improved 4 ; (10) with asymptotic limits (8) g( ) = g( )
can be expressed in terms of elementary functions but, for sake of simplicity, we do not report the lengthy formula. In gure 1 we showĝ( ) as a function of = .
In a previous article 11] we calculated the owing coupling with the sharp cuto function K 1 (q) = (q 2 = 2 ?1) . 3 In both cases the owing coupling has a Landau pole, i.e. the denominator of (11) vanishes at nite = L . The existence of the pole is a general fact because for >> equation (8) 2 In the r.h.s. of (8) we can take the 0 ! 1 limit because the @ ?derivative cuts the higher momenta. 3 With the sharp cuto we have been able to evaluate exactly F ( 2 = 2 ) but notĝ( ) . By inserting in (5) the owing coupling calculated from (11) and taking = 0 one obtains the physical one-loop improved vertices. Notice that the presence of the Landau pole at = L implies that the ultraviolet cuto 0 cannot be removed in this case, although the theory is perturbatively renormalizable. This corresponds to the property of triviality, entailing that the 0 ! 1 limit is possible only if the coupling g( ) vanishes.
3 6 theory
The rescaling function Z( ) was not involved in the previous discussion on the 4 4 theory at one loop. Therefore, before treating QED, it is useful to consider the (massive) 3 
where
are functions growing from 0 to 1 which can be exactly calculated specifying the cuto function. From (12) one nds that the owing couplingĝ is determined by the di erential equation @ ĝ = ?F g ( ) + 1 4 F ( )]rĝ 3 ;ĝ(0) = g: (14) We solved this equation using the functions F ( ) and F g ( ) computed with the power-law cuto (see appendix A) and the result is displayed in gure 2. In the ultraviolet limit >> m equation (14) 
Improved QED
In this section we generalize the previous calculations to the QED case. The crucial point is to show that the improved theory at = 0 satis es the Ward identities associated with the gauge transformation " (x) = ie"(x) (x); " (x) = ?ie (x)"(x); " A (x) = @ "(x):
The tree level improved cuto action iŝ where K 0 (k) and K 0 (p), after analytic continuation in euclidean space, become the power-law cuto functions de ned in appendix A. In particular for the photon propagator we use the cuto function (31) while for the electron propagator we use the massive cuto function (32). Notice that the photon propagator contains the ?dependent gauge xing parameterâ( ). As we will see, this is required by gauge invariance. The evolution equations for the rescaled vertices are obtained following the same steps discussed in Section 3. In this case the measureM (corresponding to (3)) contains both the electron and photon propagators. In the following we use the notation @ D 0 ; for the contributions toM coming from the photon propagator even though the derivative acts only on the cuto function and not on the gauge xing parameterâ( ).
Starting from (15) 
Similarly the owing gauge xing couplingâ( ) must satisfy the relationâ( ) = aZ A ( ), where a is a xed number which does not a ect the physics (for instance a = 1 in the Feynman gauge). In this way the tree level improved action in terms of the non-rescaled elds L is equal to the longitudinal part of the photon propagator obtained in the standard perturbation theory, which for large 0 vanishes as negative powers of 0 15]. In perturbation theory renormalizability ensures that 0 can be sent to in nity and then the longitudinal part of the photon propagator vanishes. In the improved perturbation theory the presence on the Landau pole at L implies that 0 cannot be removed. Therefore in this case one recovers the transversality of the photon propagator only for momenta much lower than 0 .
The violation of the Ward identity for the vertex is given by the following quan- 
For 0 ! 1 this integral vanishes as negative powers of 0 .
In the improved theory the vanishing of 1] can be proved in a similar way. Consider rst the contribution in (23) coming from the g part of the photon propagator. One can apply the mean value theorem to extract from the integral the factor Z ( )=Z A ( ) for some scale , with 0 0 . This factor multiplies the same integral of the non-improved case. Therefore for large 0 (but 0 << L ) this contribution vanishes independently of since Z A ( ) and Z ( ) are at most logarithmically divergent while (24) vanishes as negative powers of 0 . The remaining contribution can be treated in the same way. By applying the mean value theorem one extracts the factor Z Z A (â ? 1) at some scale , so that also in this case the integrand is a total derivative and the result of the integration is 
For the argument given above also in this case the result of the q?integration vanishes as negative power of 0 . As noted above one cannot remove 0 due to the Landau pole and therefore also the vertex Ward identity is valid only in a weak sense i.e. for momenta much lower than 0 .
Comparison with the standard improved formulation
In this section we compare our improved perturbation theory with the standard formulation. We show that for non-asymptotically free theories our formulation is very similar to the standard one. To this aim we consider a simple example which trivially generalizes to other interesting cases, i.e. the calculation of the improved sh diagram. In the standard resummation approach 12] one passes from a oneloop perturbative quantity to an improved quantity simply replacing the coupling g in the vertices of the Feynman diagrams with the one-loop running coupling g(q 2 ), where q is the momentum owing in the loop. This modi cation means that one has to consider quantities such as (28) where F is the function given by (9) . We want to show that (26) and (28) The plot of F andF is reported in gure 5.
The fact that the function F is not so di erent fromF can be also seen using in (9) the sharp cuto function K 1 (q) = (q 2 = 2 ? 1) and the approximation K 1 (q + Q) ' K 1 (q In the approximation F 'F our improved theory is completely equivalent to the standard improved theory, with the only di erence of replacing the running coupling g(q 2 ) with the owing couplingĝ( ). 5 Notice that in the ultraviolet region g( p q 2 ) andĝ( ) have the same functional form, while in the infrared they di er. In particular in the case of asymptotically free theoriesĝ( ) is regular in all the range of and the integral (28) is well de ned while (26) su ers for the infrared Landau pole.
Conclusion
We have formulated a systematic improved perturbation theory, based on the Wilson renormalization group. In this approach one solves iteratively the ?RG equations in terms of the Wilsonian owing couplingĝ( ). In the ultraviolet region this coupling becomes the running coupling constant and our formulation becomes equivalent to the standard improved perturbation theory 14].
In this paper we have considered the 3 6 theory and we have shown that the owing coupling is nite in all the range of so that our improved perturbation theory is well de ned. On the contrary the standard improved perturbation theory is ambiguous due to the infrared Landau pole. We consider this simple model but this result must hold also for the Yang-Mills and QCD theories. A preliminary study of a non-Abelian gauge theory indicates that this is indeed the case 11].
The analysis of a gauge theory requires some care due to the issue of gauge invariance. In this paper we have considered the QED case and we have proved that our improved formulation is consistent with Ward identities, although there are breaking terms because the ultraviolet cuto cannot be removed. This is due to the presence of the ultraviolet Landau pole in the owing coupling which re ects the e ective character of this theory. Therefore we were able to prove that the rst iteration gives a photon two-point function which is transverse only for momenta much lower than the Landau pole. Similarly the Ward identity for the photonelectron vertex is satis ed in this limit. The essential ingredient of the proof is the gauge invariance of the starting point of the iteration. As a conseguence the owing couplingsê( ) andâ( ) are related to the rescaling function Z A ( ). Once the tree level gauge invariance is implemented, the proof follows the same steps of the perturbative case and therefore can be extended to all vertices and, we believe, to all iterations.
The most interesting case is the non-Abelian gauge theory, in which there are several indications that the running coupling constant becomes the e ective coupling to use in the Feynman diagrams, but no systematic proof of this assumption is known 13]. The generalization of our method to the non-Abelian case and the proof of the Slavnov-Taylor identities for the one-loop improved e ective action is under study. since in this way the Feynman integrals can be calculated using the Feynman parametrization formulae as in the massless case.
The 
which has been used in section 4 to compute the owing couplings of the 3 6 theory.
In particular the functions F and F g de ned in (13) Appendix B
In this appendix we extract the relevant part of the QED cuto e ective action using zero-momentum prescriptions (for the case of on-shell renormalization prescriptions see for 
